Elliptically polarized laser fields provide a new channel for access to strong-field processes that are either suppressed or not present under linear polarization. Quantum theory is mostly unavailable for their analysis, and we report here results of a systematic study based on a classical ensemble theory with solution of the relevant ab inito time-dependent Newton equations for selected model atoms. The study's approach is necessarily nonadiabatic, as it follows individual electron trajectories leading to single, double, and triple ionizations. Of particular interest are new results bearing on open questions concerning experimental reports of unexplained species dependences as well as double-electron release times that are badly matched by a conventional adiabatic quantum tunneling theory. We also report the first analysis of electron trajectories for sequential and non-sequential triple ionization.
I. INTRODUCTION
The interaction between intense laser fields and gas phase atoms or molecules has been studied extensively during the recent past. Many new physical processes have been observed, such as multiphoton ionization, 1 above-threshold ionization, 2 high harmonic generation, 3 nonsequential double ionization (NSDI), 4, 5 attosecond pulse generation, 6 etc. For accurate understanding of these processes, electron motion must be followed closely in all cases. However, many of these phenomena can be understood heuristically by a three-step recollision scenario. 7 An illustration is shown in Fig. 1 . First, an electron is emitted via tunneling through the laser-tilted Coulomb barrier 8 and driven away by the laser field (left panel); second, this electron can be driven back to recollide with its parent ion when the laser field reverses its direction (middle panel); third, on recollision, several physical processes are possible: the recolliding electron can kick out a second electron leading to double ionization (right panel), or it can be recaptured by the ion core leading to the emission of a high harmonic photon, or it can be accelerated via elastic scattering.
We note that the initial step, when considered to occur via tunneling, has an obvious quantum origin and a clear visualization. The well-known tunneling rate expresses the ability of the electron orbital's standing wavefunction to gradually emerge through the Coulomb barrier, in a sense averaged over many electron bounces against the barrier from inside. This familiar adiabatically smoothed scenario is being challenged by new experimental data, 9 obtained from atomic double ionization of argon initiated by elliptically polarized light. The measured emission times for the two electrons deviate from the predictions of a tunneling theory, implying the potential role for nonadiabatic effects, and this is one of the questions we address. Another question to which elliptical polarization provides new access is species dependence of atomic behavior in high fields. Different atoms or molecules react quite differently to laser field ellipticity. [10] [11] [12] [13] [14] Calculations for double ionization under elliptical polarization with two different model atomic species and under different conditions are reported.
II. WHAT KIND OF THEORY?
Classical theories have been used to obtain insights for ionization via elliptical and circular polarization and some new understanding has been achieved in this way. [15] [16] [17] [18] [19] Although one would obviously prefer a quantum treatment, the various time-dependent Schrödinger equations for general quantum systems do not have analytical solutions. Worse, they do not even admit satisfactory numerical solutions. Consider the facts. After being released, an electron can travel a relatively large distance (∼1000 a.u.) in the laser field before the end of the pulse. On the other hand, the details within the atom are of the size ∼1 a.u. In terms of a grid for integration, for each spatial dimension, about 1000 grid points are needed. For a two-electron system, the total dimension is 6, so the total number of grid points needed is (1000) 6 = 10 18 . This means a computer memory of 1 million terabytes just to store each time step! What is even worse is propagation over the entire pulse, usually composed of over 1000 time steps.
The only available non-perturbative answer to these difficult restrictions lies in classical modeling. Even for nonperturbatively strong fields and elliptical polarization, the nonadiabatic and fully ab initio integration of the classical time-dependent Newtonian equations (TDNE) is numerically trivial.
The general idea of the classical ensemble method is to mimic the multielectronic quantum wavefunction with an ensemble of classically modeled atoms. No quantum wave feature is included, such as quantum tunneling or interference, etc. The laser field is also modeled classically. The motion of electrons is determined by numerically integrating the classical TDNE. The classical ensemble method has been explained in detail in Ref. 20 , and its contribution to strong-field atomic ionization has been well-known. [21] [22] [23] [24] [25] [26] [27] Here we only give a brief introduction to it.
The first step is to generate a microcanonical ensemble of classically modeled atoms. 28, 29 In this paper, the model atom is generated with two (for single and double ionization) or three (for triple ionization) active electrons. The ensemble is generated such that the total energy (E tot ) is fixed for each ensemble member (i.e., each model atom),
where N is the number of electrons, p i and r i are the momentum and position of the ith electron, and r ij is the distance between the ith and the jth electrons. Atomic units are used. Note that the Coulomb potential has been softened 30, 31 with parameter a between the ion core and the electrons and with parameter b between the electrons.
To take account of species dependency, two atom models will be used. One is a model Ar atom, with energy E tot = −1.6 a.u.; the other is a model "Xe/Kr" atom, with energy E tot = −1.3 a.u. 32 Given the total energy, the positions and momenta of electrons are randomly assigned. We will show that the model Ar atom and the model Xe/Kr atom are surprisingly different when subject to double ionization with elliptical or circular polarization: for Ar, almost no recollisions occur and double ionization is not possible with elliptical polarization, and for Xe/Kr, recollision and double ionization are noticeable even with circular polarization.
The parameter a used in Eq. (1) is determined by the value of E tot : given a value of E tot , the parameter a is usually confined to a narrow range of about a ∼ 0.1 a.u. For the model Ar atom, we choose a to be 1.5 a.u. For the model Xe/Kr atom, we choose a to be 1.8 a.u. The parameter b is not relevant to the stabilization of the model atom. It is set to be 0.1 a.u. only for the purpose of avoiding numerical singularities that may cause problems during calculation.
After the ensemble is prepared, an elliptically polarized laser pulse is turned on. For the intensities considered in this paper, which are on the order of 1 PW/cm 2 , relativistic effects are small and the magnetic part of the laser field can be neglected. The laser electric field can be expressed as
where E 0 is the peak amplitude, ω is the angular frequency, ε is the ellipticity value, φ is the carrier-envelope phase, and f(t) is the pulse envelope function. Most of the strong-field experiments have been done with non-stabilized phase so in our simulation each model atom is assigned a pulse with a random φ value within (0, 2π ). Figure 2 shows a sine-squared pulse with ellipticity value 0.5. The red curve shows the field along the major polarization direction and the blue curve shows the field along the minor polarization direction. Due to ellipticity, the amplitude of the blue curve is smaller than that of the red curve. (This obvious point will turn out to be important.) And there is a π /2 phase difference between the two curves.
The electrons undergo field-free interactions until the laser pulse is turned on. Then the motion of the electrons is governed by the TDNEs
where the Hamiltonian, including the time-dependent laser interaction, is
The TDNEs are integrated numerically from the beginning to the end of the pulse. The laser field is given the common experimental wavelength λ = 780 nm (ω = 0.0584 a.u.). The positions and momenta of electrons are recorded at each time step until the end of the pulse. At the end of the pulse, an ionization criterion will be applied to check the final ionization status. Our criterion defines an electron to be ionized if its distance to the ion core is larger than 6 a.u. A slight difference in this critical distance will not affect our discussions and conclusions in this paper. Depending on the number of ionized electrons, a model atom will fall into one of four possible categories, namely, no ionization, single ionization, double ionization, and triple ionization.
2. An elliptically polarized pulse with ellipticity value 0.5. The red curve is the field along the major polarization direction and the blue curve is the field along the minor polarization direction. 
III. SINGLE IONIZATION
We will start from single ionization. Even this simple situation presents questions that are still open. The model Ar atom has been used for our TDNE calculations and subjected to a peak intensity of 1 PW/cm 2 for ellipticity values from linear to elliptical to circular. At the end of the pulse, single ionization events are collected and the ion momentum distributions on the polarization plane (i.e., the x-y plane) are plotted, as in Fig. 3 , for a wide range of ellipticity values from 0 (linear polarization) to 1 (circular polarization). One sees that for linear polarization, the momentum distribution mainly aligns along the major polarization direction (i.e., the x direction) and peaks at P x = 0. As ellipticity increases, it gradually splits into two parts along the minor polarization direction (i.e., the y direction). The distribution has an elliptical shape for midellipticity values, although the population is not evenly distributed: the first and the third quadrants are denser than the second and the fourth quadrants. As the ellipticity value increases to 1.0, the distribution becomes circularly symmetric, as would be expected.
The consequences of elliptical polarization can be seen more clearly by projecting the 2D distributions onto individual axes. For example, Fig. 4 shows the projections for ellipticity 0.5. The distribution along the x direction is still peaked   FIG. 4 . Projection of the 2D momentum distribution with ellipticity value 0.5 (see Fig. 3, 2nd row, 1st panel) onto the major direction (left) and onto the minor direction (right).
at zero, similar to the situation of linear polarization, whereas the distribution along the y direction shows a two-peak structure with a minimum at zero. The two-peak structure along the y direction is, of course, not available with linear polarization. We have already shown 33 that it conveys important information about the ionization process, such as the ionization time itself, and about the target atom.
An open question is nearly hidden in Fig. 3 for midrange ellipticities. Inspection shows that the uneven distribution mentioned above causes a distinct tilt of the ion cloud axis, pointing approximately to 1 o'clock rather than straight up. This has been tentatively identified as a deviation from the so-called Simpleman theory, 34 in which the electron responds only to the laser field. That is, ellipticity has allowed a contribution by the Coulomb field of the ion to make its first appearance. A theory of this axis tilt is of current interest. 35 
IV. DOUBLE IONIZATION AND NONADIABATIC ELECTRON RELEASE
Double ionization can be roughly divided into two categories, namely, sequential double ionization (SDI) and nonsequential double ionization (NSDI), depending on whether recollision is involved. Without recollision, the ionization of the two electrons can be viewed as independent without noticeable e-e correlations. With recollision, the two electrons cannot be viewed as independent and there are some recollisionimposed correlations between the two electrons. We will start in this section from the simpler case of SDI, and then NSDI will be discussed later.
The momentum distributions of doubly charged ions are shown in Fig. 5 and they can be compared to the singleelectron distributions in Fig. 3 . The distribution for linear polarization is again aligned along the x direction. As ellipticity increases to 0.1, it separates into two parts along the y direction. As ellipticity increases to 0.3, each of the two parts further separates into two new parts, leading to a four-band structure which can be seen more clearly above ellipticity 0.4. The main features of the four-band structure are preserved up to ellipticity 0.9. For circular polarization, the distribution becomes circularly symmetric. The nature of the four-band structure can be seen more clearly by projecting the 2D momentum distributions onto individual axes. For example, Fig. 6 shows the two projections for ellipticity 0.5. The distribution shows a normal broad single peak structure centered at zero along the x direction, as in the situation of linear polarization. What is interesting is the projection along the y direction, which shows a four-peak structure, corresponding to the four bands in the 2D distribution. A full discussion is given in Ref. 33 .
The physical meaning of the four-peak structure can be seen more clearly from Fig. 7 , which shows two classes of SDI electron trajectories. The left panel shows the situation that both electrons are emitted to the same direction (the +x direction here) and the right panel shows the situation that the two electrons are emitted to opposite directions (one to +x and the other to −x). If both electrons are emitted to the same direction (both to +x or to −x), they will be twisted up or down by the laser field to the same y direction and end up with p 1y and p 2y of the same sign, so the resultant doubly charged ion is more likely to have a large net momentum along the y   FIG. 6 . Projection of the 2D momentum distribution with ellipticity value 0.5 (see Fig. 5, 2nd row, 2nd panel) onto the major direction (left) and onto the minor direction (right).
direction. This corresponds to the outer two peaks of the fourpeak structure. If the two electrons are emitted to opposite directions (one to +x and the other to −x), the two electrons will then be twisted up or down to opposite y directions, so the resultant doubly charged ion is more likely to have a small net momentum along the y direction. This corresponds to the inner two peaks of the four-peak structure.
Recently Pfeiffer et al. took advantage of the information provided by elliptical polarization and measured the electron emission times from argon in SDI. 9 The experimental data were compared to the predictions of an adiabatic tunneling theory 36 based on an independent-electron or single-activeelectron (SAE) approximation. Figure 8 shows that although the emission time of the first electron agrees well with the adiabatic tunneling theory, the emission time of the second electron is substantially earlier than the prediction.
Conjectures have been made about explanations for the discrepancy of the second electron emission time between the adiabatic tunneling theory and the experiment. Zhou et al. 37 successfully reproduced the experiment using a classical TDNE approach that takes into account full e-e correlations. Thus it is natural to suspect that e-e correlations, which FIG. 7 . Two typical SDI electron trajectories with ellipticity 0.5. The left panel demonstrates the situation that both electrons are emitted to the same direction (+x direction here), corresponding to the outer two peaks of the four-peak structure; The right panel demonstrates the situation that the two electrons are emitted to opposite directions (one to +x and the other to −x), corresponding to the inner two peaks of the four-peak structure. are not included in a SAE-based adiabatic tunneling theory, play an important role. However, the specific physical consequence of the e-e correlations is far from obvious at this time.
We note that an alternate conjecture is possible. It separates adiabaticity and the SAE approximation, and suggests that it is the adiabaticity assumption, instead of the SAE approximation, that breaks down. To test this idea, one needs a SAE-based but nonadiabatic theory for comparison. A natural option is an unconventional SAE-based classical approach, which is only slightly different from the traditional method described above and will be sketched below. We want to emphasize that the classical approach is intrinsically a nonadiabatic one: in the classical approach, an electron is removed by the laser field with an obvious finite velocity, but tunneling removal of an electron leaves it with near zero velocity on the exterior of the Coulomb well.
Our new SAE-based classical approach follows exactly the SAE prescription: initially there is only one electron in the model atom, the energy of which is set to be the negative of the first ionization potential of Ar (the target used in the experiment),
The position and momentum are randomly assigned. Then the laser pulse is turned on. Only when this electron is driven away by the laser field, defined as a distance of 10 a.u. away from the ion core, does a second electron become active. In our approach, a second electron is "created" near the ion core with energy E 2 , which can be written as
The second electron reacts nonadiabatically to all the forces on it. These forces include the Coulomb attraction from the ion core, the laser electric force, and the repulsive force from the first electron, which is already negligibly weak. The motion of the second electron is also governed by the classical TDNE in the same way. If the laser field is strong enough, the second electron can be ionized.
The electron emission times obtained using the enforced-SAE nonadiabatic classical method are shown in Fig. 9 , in comparison with the experiment. As one sees, the calculation agrees quantitatively with the experiment throughout the entire intensity range, for both electrons.
The comparison of the SAE-based adiabatic tunneling theory and the SAE-based nonadiabatic classical theory with experiment strongly suggests that nonadiabatic effects play an important role in electron emission. Yet the specific physical mechanism remains an open question and requires further exploration. 
V. SPECIES DEPENDENCES UNDER ELLIPTICAL POLARIZATION
Nonsequential double ionization shows up in the ionization-probability-versus-intensity plot as a so-called "knee" structure, 4, 5 which has been widely used as a signature of recollision and NSDI. Experiments have tested the persistency of the knee when subjected to elliptical and circular polarization. The results show a clear species dependence: for some atoms, such as Ne and Ar, the knee drops quickly and disappears as ellipticity increases; 10, 11 for some other atoms or molecules, such as NO, 12 O 2 , 13 and Mg, 14 the knee persists even with circular polarization. These experimental findings are largely unsupported by prior theoretical study, but we can now report that in classical TDNE calculations under elliptical polarization, recollision and NSDI also show a strong species dependency. Figure 10 shows the double ionization probability as a function of intensity for the model Ar atom (top) and the model Xe/Kr atom (bottom) at three different ellipticity values, namely, linear polarization, ellipticity 0.5, and circular polarization. In both cases, a strong knee shows up for linear polarization. For Ar, the knee shrinks to a tiny but still recognizable one for ellipticity 0.5, and completely disappears for circular polarization. For Xe/Kr, the knee persists even with circular polarization. The occurrence or the non-occurrence of NSDI depends critically on the ionization energy (i.e., species) and the laser wavelength, and an interesting twodimensional phase diagram is reported recently by Fu et al., for a variety of atomic species and wavelengths. 38 To understand NSDI with elliptical polarization we have back-analyzed successful NSDI events to determine the sequence of events that lead to a NSDI conclusion. If a particular outcome category is of interest (e.g., NSDI here), ensemble members that fall into this category at the pulse end will be picked up and their history during the pulse will be traced back. Back-analysis of classical trajectories is a very powerful tool to investigate detailed physical processes 39 and a quantum analog using wavefunction masking has also been developed by Haan et al. 40 The surprising conclusion of this back analysis is that every successful NSDI trajectory is elliptical. That is, in all cases examined, the first ionized electron circulates along an elliptical trajectory for one or more cycles and then collides and ejects the second electron. Typical trajectories showing one-cycle and multi-cycle ellipses are given in Fig. 11 .
The momentum distribution of doubly charged ions induced by elliptical recollision trajectories is shown in Fig. 12 , for various ellipticities from 0 to 1. These distributions are FIG. 14. Four typical STI trajectories, corresponding to momentum peaks P 1 , P 2 , P 3 , and P 4 of Fig. 13, respectively. obtained using the Xe/Kr model atom at intensity 0.5 PW/cm 2 . From the knee figure shown in the second panel of Fig. 10 , this intensity is within the knee region for all ellipticity values, so all double ionizations obtained are recollisioninduced NSDI.
Except for near-linear or near-circular polarization, the ion momentum distribution in Fig. 12 of NSDI with elliptical polarization looks completely different from that of SDI in Fig. 5 . The four-peak feature shown in SDI disappears, and is replaced by a "mouth-shape" structure. So SDI and NSDI leave different traces on the momentum plane and this difference can be used to tell which ionization channel has been followed.
We point out that the existence of the elliptical trajectories has not been confirmed by experiment, although we propose them as a possible mechanism to explain the experimentally observed knee structures shown in NO, 12 O 2 , 13 and Mg.
14 These experiments were done before the COLTRIMS (COLd Target Recoil Ion Momentum Spectroscopy) technique 41 was widely adopted, so no momentum distribution data like those shown in Fig. 12 are available so far. It is thus desirable experimentally to measure the momentum distribution of the above targets with mid-elliptical polarization to see whether similar structures can be recovered.
VI. TRIPLE IONIZATION
Triple ionization is more complicated than double ionization because of the additional electron, and allows additional scenarios for electron release. It has not yet been studied systematically, but the physical dynamics is not essentially different. We report here that triple ionization can also be divided into two main categories, sequential triple ionization (STI) if the three electrons are ionized independently without recollision-induced correlations, and nonsequential triple ionization (NSTI) if recollision is important. For STI, similarly to single ionization and SDI, a multiple-peak structure will appear along the minor polarization direction and the number of peaks becomes 8 (=2 3 ). This Simpleman prediction of an eight-peak structure has been observed in our classical simulation, as shown in Fig. 13 . Eight peaks can be recognized, although one of the spacings between neighboring peaks is small.
The physics of the eight-peak structure (four on each side) can be seen more clearly from Fig. 14 , which shows four typical STI trajectories that correspond to the four different momentum peak values P 1 , P 2 , P 3 , and P 4 as demonstrated in Fig. 13 . Black, blue, and red colors show the trajectories of the 1st, 2nd, and 3rd electrons, respectively. The first panel shows the situation where the 1st electron and the 2nd electron are emitted to the same direction and the 3rd electron is emitted to the opposite direction, and this will lead to the least net momentum of the triply charged ion along the y direction, corresponding to the innermost two peaks (±P 1 ). The upper right panel shows the situation where the 1st electron and the 3rd electron are emitted to the same direction and the 2nd electron is emitted to the opposite direction, and this will lead to a larger net momentum of the ion along the y direction, corresponding to the ±P 2 peaks. The lower left panel shows the situation where the 2nd electron and the 3rd electron are emitted to the same direction and the 1st electron is emitted to the opposite direction, corresponding to the ±P 3 peaks. The last panel shows the situation where all three electrons are emitted to the same direction, and this will lead to the largest net ion momentum along the y direction, corresponding to the two outermost peaks (±P 4 ).
Recollision is also possible via elliptical trajectories, leading to NSTI. An example is shown in Fig. 15 , where the 1st emitted electron oscillates along an elliptical trajectory for two cycles and kicks out the other two electrons.
VII. SUMMARY
Atomic ionization with elliptical polarization has been systematically studied using the classical ensemble theory. The study covers a wide range of ionization channels including single ionization, sequential and nonsequential double ionization, and sequential and nonsequential triple ionization. Each ionization channel has been analyzed separately.
For the ionization channels that do not involve recollision (i.e., single ionization, SDI, and STI), the end-of-pulse ion momentum distributions, which can be measured experimentally using the COLTRIMS technique, are shown to have a multi-peak structure along the minor polarization direction. Singly charged ions show a two-peak structure, doubly charged ions show a four-peak structure, and triply charged ions show an eight-peak structure.
The positions of these peaks encode important ionization information that is not available with linear polarization. We show that the position of these peaks tells the ionization fields and the ionization times of emitted electrons: the momentum distribution of singly charged ions tells the ionization field and the ionization time of the emitted electron; the momentum distribution of doubly charged ions tells the ionization fields and the ionization times of both emitted electrons; and the momentum distribution of triply charged ions tells the ionization fields and the ionization times of all three emitted electrons.
The ionization fields and the ionization times of electrons have the promise of discovering new ionization dynamics, revealing new information about the target atom or molecule, and identifying new multielectron effects and nonadiabatic dynamics. A good example is the recent experiment by Pfeiffer et al. 9 measuring electron emission times in SDI. The emission time of the second electron cannot be explained by the adiabatic tunneling theory while it can be reproduced by the nonadiabatic classical calculation. This strongly implies that nonadiabatic effects play an important role in atomic ionization. For the ionization channels that involve recollision (i.e., NSDI and NSTI), we show that they are possible with elliptical and even circular polarization. Trajectory analysis shows that they occur via a new family of trajectories called by us elliptical trajectories. Elliptical trajectories are initiated if the first electron is emitted with a nonzero velocity along the minor direction and this velocity balances the laser-induced drift velocity. The probability of getting recollision can be much higher than normal expectation for some atomic or molecular species.
